We answer a question raised by Caucher Birkar for singularities of weighted blowups of A n , if n ≤ 3.
Introduction
Throughout this paper, we work over the field of complex numbers C. The concept of complements is introduced and studied by V. V. Shokurov ([Sh93] , [Sh00] ). It is developed by Shokurov ([PS01] , [PS09] ), Prokhorov ([Pr01] ) and Birkar ([Bi19] ). It becomes a key ingredient of Birkar's proof of BAB conjecture ( [Bi19] , [Bi16] ) and the construction of moduli of stable Fano varieties ( [BX19] ).
Theorem 1.1 (Theorem 1.1 [Bi19] ). Let d be a natural number. Then there is a natural number m depending only on d such that if X is any Fano variety of dimension d with klt singularities, then there exist an m-complement for K X .
The following conjecture due to Shokurov is one of major important open problems in birational geometry.
Conjecture 1.2 (Shokurov) . Let d be a natural number, a positive real number. Then there is a natural number n depending only on d and such that if X → Z is a Fano contraction, that is −K X is ample /Z, and X is -lc, then there exists an n-klt complement for K X over any point z ∈ Z.
The conjecture is known up to dim X = 2 ( [Bi04] ). Birkar raises the following questions which are related to Conjecture 1.2. Let n ∈ N + be a positive integer, a 1 , a 2 , . . . , a n coprime positive integers such that a 1 ≤ a 2 ≤ · · · ≤ a n . Let X a be the weighted blow up of the affine n-plane A n at the origin with the weight a = (a 1 , a 2 , . . . , a n ) (see Section 2.4). Question 1.3. If X a has terminal singularities, is a 1 bounded?
One related result with the question is the divisorial contraction of terminal threefolds obtained by Kawakita.
Theorem 1.4 ([K01] Theorem 1.1). Let Y be a Q-factorial normal variety of dimension three with only terminal singularities, and let f : (Y ⊃ E) → (X P ) be an algebraic germ of a divisorial contraction which contracts its exceptional divisor E to a smooth point P . Then f is a weighted blowup. More Date: November 13, 2019. precisely, we can take local coordinates x, y, z at P and coprime positive integers a and b, such that f is the weighted blow-up of X with its weights wt(x, y, z) = (1, a, b).
Very recently, G. K. Sankaran ([Sa19]) has given an affirmative answer to this question for the case n = 4.
A more ambitious question of Birkar is:
Question 1.5. For a fixed positive integer n and a fixed positive real number ∈ (0, 1], is there a positive integer M depending only on n and , such that if X a is -lc, then a 1 ≤ M , where a = (a 1 , a 2 , . . . , a n ), a 1 ≤ a 2 ≤ · · · ≤ a n and a 1 , a 2 , . . . , a n are coprime.
One can not expect all a i are bounded, see Example 2.14.
In the paper, we study Question 1.5, and get the following partial cases.
Theorem 1.6 (Main Theorem). Question 1.5 holds:
The problem is a toric geometry problem. Question 1.5 can be reduced to a geometry of number problem, which is to prove the existence of an integral point in the interior of certain convex polytope. Then apply Dirichlet's approximation theorem (Theorem 2.11, Theorem 2.12).
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Preliminaries
2.1. Pairs and singularities. A log pair (X, B) consists of a normal variety X and an R-divisor B ≥ 0 such that K X + B is R-Cartier. An extraction is a proper birational morphism of normal varieties.
If (X, B) is a log pair and µ :X → X is an extraction, there exists a unique divisorB onX such that µ * (K X + B) = KX +B andB = µ −1 B onX \ Exc(µ). The identityB = E⊂X (1 − a(E; X, B))E associates to each prime divisor E ofX a real number a(E; X, B), called the log discrepancy of E with respect to (X, B). For simplicity, we write mld(E; B) for mld(E; X, B). where the infimum is taken after all prime divisors on extractions of X having η as a center on X. We set by definition mld(η X ; X, B) = 0. 2.3. Complements. Let X be a normal variety. We say that there exists an n-complement (n-klt complement) for K X , if there exists a pair (X, B), such that (X, B) is lc (klt), and n(
We say that there exists an n-klt complement for K X over a point z ∈ Z, if there exists a pair (X, B), such that (X, B) is klt, and n(K X + B) ∼ 0/z ∈ Z.
Weighted blowups.
To be self-contained, we quote [KSC04] 6.38 for the definition of weighted blow-ups.
Weighted blow-ups can be described in terms of charts in a manner similar to the standard blowup, but subject to a group action. Recall that if we fix one of the standard affine charts of the blowup of the origin in A n , the blowing up morphism is given there by
In other words, π i is given by the formulas
To describer the analog for weighted blow-ups, fix relatively prime positive integers a 1 , . . . , a n . For each i between 1 and n, define a morphism p i : A n → A n by
The map p i is birational if and only if a i = 1; more generally, it has degree a i . Note that the maps is well defined on the orbits of the Z a i -action
where Z a i is a cyclic group of order a i generated by a primitive a i -th root of unity ζ. Therefore, p i descends to a birational morphism π i from the quotient variety:
These maps π i patch together to give a birational projective morphism π : X a = B (a 1 ,...,an) A n → A n . This is the weighted blowup of A n with weights a = (a 1 , a 2 , . . . , a n ).
2.5.
Minimal log discrepancies of toric varieties. We refer the reader to [Fu93] for definitions and basic notations of toric geometry. Let X = T N emb(∆) be a toroidal embedding, and let
Under the above assumptions, we have the following formula for the minimal log discrepancies of (X, B) at the generic points of the orbits ([Am99]):
Here, rel int(σ) denotes the relative interior of the cone σ ⊆ Rσ, and orb(σ) is the T N -orbit corresponding to the cone σ ∈ ∆.
Theorem 2.6 ([Am99] Theorem 4.1). In the above notations, let X = σ∈∆ orb(σ) be the partition of X into T N -orbits. For every cone σ ∈ ∆ and every closed point x ∈ orb(σ), the minimal discrepancy
2.7. Weighted blowups and toric varieties. By [Fu93] , it is easy to see that weighted blow-ups X a is a toric variety, where a = (a 1 , . . . , a n ). The fan ∆ of X a is a subdivision of the first quadrant. Precisely, the ray through (a 1 , a 2 , . . . , a n ) subdivides the first quadrant into n cones of dimension n, and the fan ∆ is the collection of these n cones of dimension n. The simultaneous version of the Dirichlet's approximation theorem is:
Theorem 2.12 (Dirichlet's approximation theorem). Given real numbers α 1 , . . . , α d and a positive integer Z, then there are integers p 1 , . . . , p d , q ∈ Z, 1 ≤ q ≤ Z such that
2.13. An example.
Example 2.14 (X n , 0), n = (1, n), are 1-lc for any positive integer n.
(1,n)
e1 e2
Let σ 1 be the cone generated by e 2 = (0, 1) and v = (1, n). Then σ 1 is a smooth cone. So mld(x; 0) = 2, where x is the toric invariant point corresponding to σ 1 .
Let σ 2 be the cone generated by e 1 = (1, 0) and v. The cone σ 2 is not smooth, but it has canonical singularities. We have mld(y; 0) = 1, where y is the toric invariant point corresponding to σ 2 . Indeed, the linear function ϕ such that ϕ(e 1 ) = ϕ(v) = 1 takes minimal values on the lattice points w i = (1, i), 1 ≤ i ≤ n − 1 in int σ 2 and ϕ(w i ) = 1.
For any codimension 1 point η, mld(η; 0) = 1. Therefore, X n are 1-lc for any positive integer n.
Reduction to a geometry of number problem
Lemma 3.1. Fix a positive integer n and a positive real number ∈ (0, 1]. Let C n be the convex polytope with vertices
{0, e 1 , e 2 , . . . , e n , a},
is the standard basis of R n , a = (a 1 , . . . , a n ) ∈ R n , and 0 ≤ a 1 ≤ a 2 ≤ · · · ≤ a n .
Then Question 1.5 holds, if there exists an integer M depending only on n and , such that there exists an integral point in the interior of C n once a 1 ≥ M .
The graphs of C 2 and C 3 are as follows Proof. If there exists such an integer M depending on n and , that there exists an integral point w in the interior of C n once a 1 ≥ M . Then
where 0 ≤ λ i ≤ 1 for i = 0, . . . , n and 0 < n i=0 λ i < 1. View X a as the log pair (X a , 0). Let ϕ be the piecewise linear function with ϕ(e i ) = 1 for i = 1, . . . , n and ϕ(a) = 1. Therefore,
Let τ be the unique cone such that w ∈ rel int τ . Apply the formula of minimal log discrepancies of toric varieties in Section 2.5, we get
Hence X a is not -lc, if a 1 ≥ M .
Proof of Main Theorem for n = 2
As we discussed in Lemma 3.1, to prove Main Theorem for n = 2, it suffices to prove Lemma 3.1 for n = 2. We shall see that M can be taken ( 2 + 1) 2 + 1, where is the round down function.
Proof of Lemma 3.1 for n = 2. Let 
In the case,
The last inequality follows from qZ ≤ Z 2 ≤ a.
Let M = ( 2 + 1) 2 + 1. If a > M , then √ a > 2 + 1 and thus
Hence there exists at least a lattice point in the interior of C 2 .
2) Case 2. p q > b a . In the case, L intersects with L 1 . Notice that p q < b a + 1 qZ and qZ ≤ Z 2 ≤ a. In the case,
If a > M = ( 2 + 1) 2 + 1, then √ a > 2 + 1 and thus
Proof of Main Theorem 3)
In the section, we consider general case of n. Let Π i , 1 ≤ i ≤ n, be the hyperplane passing through the set of vectors { e 1 , e 2 , . . . , e n , a} \ { e i }. Then the equation for Π i is:
Apply Dirichlet Approximation, Theorem 2.12, to the given real numbers a 2 a 1 , . . . , an a 1 and the natural number Z = a 1 n 1 , then there are integers p 2 , . . . , p n and 1 ≤ p 1 ≤ Z, such that
a 1 , j = 2, . . . , n. By Dirichlet Approximation, |λ j | <
The line L intersects the hyperplane Π i for some i. Let (x 0 1 , x 0 2 , . . . , x 0 n ) be the intersection point. Plug the equation of L into the equation of Π i , we get j =i
Let
Then x 0 1 = A i . The goal is to show there exists an integer M depending on n and , such that if a 1 > M , then x 0 1 > p 1 . Therefore, there exists at least one integral point in the interior of the convex body C n .
Proposition 5.1 (=Main Theorem 3)). Suppose a j a 2 ≤ a θ 1 for all 3 ≤ j ≤ n, where θ is a real number such that 0 < θ < 1 2n 2 . Then Question 1.5 holds. Proof. Since a 2 ≤ a 3 ≤ · · · ≤ a n , we get a j a i ≤ a θ 1 for i = 1. If i = 1, then
for all j, a j a i ≤ a θ 1 and a i ≥ a 1 for all i = 1, Since a 1 ≥ 1 and p 1 Z 1 n−1 ≤ a 1 , we have n − 1
So
x 0
4n a 1 n(n−1) −θ 1
As a 1 is sufficiently large, (a 1 n 1 − 1) 1 n−1 > 1 2 a 1 n(n−1) 1 . Since θ < 1 2n 2 , 1 n(n−1) − θ > 0. Therefore, as a 1 sufficiently large,
x 0 1 p 1 turns to infinity. 6. Proof of Main Theorem for n = 3 By Proposition 5.1, to prove Main Theorem for n = 3, we only need to prove for the case a 3 a 2 > a θ 1 . In the case, visually the height of C 3 , which is a 3 , grows much faster than a 2 . Then we reduce the case to the 2-dim case. Precisely, projecting C 3 onto the x 1 x 2 -plane. By induction, there exists at least one lattice point (q, p) in the projection as a 1 is sufficiently large. Then show that the interval of C 3 and the height line L : x 1 = q, x 2 = p is greater than 1 as a 1 is sufficiently large. Hence there is a lattice point inside the convex body C 3 as a 1 is sufficiently large. Proof. Project C 3 onto the x 1 x 2 -plane. The convex set is as same as in 2dimensional case. By Dirichlet approximation, let M 2 = √ a 1 , then there exist integers p and q such that
and 1 ≤ q ≤ M 2 . So qM 2 < a 1 . For a 1 sufficiently large, the lattice point (q, p) is in the projection. Let the line L : x 1 = q, x 2 = p. Then L intersects
and L will intersect one of Π 1 : a 2 + a 3 − 1 a 1 x 1 = x 2 + x 3 − or Π 2 : a 1 + a 3 − 1 a 2 x 2 = x 1 + x 3 −
The goal is to show the interval |L 23 | of L between Π 2 and Π 3 , or the interval |L 13 | of L between Π 1 and Π 3 has length greater than 1 as a 1 is sufficiently large. Then there exists at least one lattice point inside C 3 .
A direct computation shows that |L 13 | = a 2 + a 3 − 1 a 1 q−p+ − p + q − a 1 + a 2 − 1 a 3 = ( a 2 − 1 a 1 q−p+ )+( q a 1 − p + q − a 1 + a 2 − 1 )a 3
Let λ 2 = − a 2 a 1 + p q . Then |λ 2 | < 1 qM 2 and qM 2 < a 1 by Dirichlet approximation. So
Since a 3 a 2 ≥ a θ 1 by assumption, we get
As a 1 turns to infinity, |L 13 | will turn to infinity.
Similarly, a direct computation shows that |L 23 | = a 1 + a 3 − 1 a 2 p−q+ − p + q − a 1 + a 2 − 1 a 3 = ( a 1 − 1 a 2 p−q+ )+( p a 2 − p + q − a 1 + a 2 − 1 )a 3
Let λ 2 = − a 2 a 1 + p q . Then |λ 2 | < 1 qM 2 and qM 2 < a 1 by Dirichlet approximation. So |L 23 | = − q a 1 + a 1 − 1 a 2 qλ 2 + + ( − p a 2 + a 1 a 2 qλ 2 ) a 3 a 1 + a 2 − 1 Since λ 2 = p q − a 2 a 1 ≤ 1 qM 2 , we get p a 2 ≤ q a 1 + 1 a 2 M 2 . Hence
As a 1 turns to infinity, |L 23 | turns to infinity.
